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Abstract

We have modified our previous solute tranport through a membrane model (Makino et al. Biophys. Chem. 35
(1990) 85; 38 (1990) 231) by taking into account a possible asymmetry of the membrane, that is, the situation in
which the rate constants relating to the solute transport between the donor and membrane phases may be
different from the rate constants for the solute transoport between the receiver and membrane phases. We
discuss the effects of membrane asymmetry on the solute transport process.
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1. Introduction

In previous papers [1,2], we presented a kinetic model for the complete time course of solute transport
from a donor solution to a receiver solution through a homogeneous membrane. The model involves two
kinetic parameters, k; and k,, which are, respectively, the rate constant relating to the solute transport
from the solution phase into the membrane phase and that for the reverse process. In that model we
assumed that the transport process from the donor phase to the membrane phase and that from the
receiver phase to the membrane phase are governed by the same rate constants, £, and k,. In other
words, the membrane was considered to be symmetrical, or both sides of the membrane to be equivalent.
In the present paper, we shall deal with an asymmetrical membrane, by introducing two additional
parameters, £, and ¢,. That is, we consider the situation in which the rate constants relating to the solute
transport from the donor phase to the membrane phase and to the reverse process are given by ¢ &, and
£,k ,; and the corresponding rate constants for the transport from the receiver into membrane phase and
for the reverse process are &,k; and &,k,. Usually, the membrane is functionally asymmetrical and the
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Fig. 1. A membrane of volume V, separating two solutions, 1 and 2, whose volumes are ¥} and V,, respectively. ¢ and ¢,
respectively, are the volume fractions of solution 2 and membrane, whilst e k1, £,k,, e,k; and ¢,k,, are the rate constants. C{(¢),
C,(1), and C_(¢), are the solute concentrations of the respective phases.

biological membrane can function normally only when the conditions of the internal and external surface
are different [3,4]. In the asymmetrical membrane, the solute moves through the membrane with
different permeabilities according to the direction. In plant cells, the inward hydraulic conductivity is
found to be larger than the outward one, which is considered to be caused by the structural asymmetry of
the plasma membrane [5,6]. The structural asymmetry of the biomembrane is generally known, and is
indicated by the difference in the thickness between the inner and outer leaflet of the membrane and the
difference in the densitites of their protein particles [7]. Analyses of experimental data based on our
treatment in the present paper will provide us with novel information on the permeation process across
asymmetric membranes.

2. Theory

Consider the transport of solute through a planar membrane of volume ¥V, separating two solutions
(solution 1 and 2), the volumes of which are V| and ¥,, respectively (Fig. 1). Let the concentrations of
solute in solutions 1 and 2 at time ¢ be C,(¢) and C,(¢), respectively, with the average concentration in
the membrane phase being C,(f). The time course of variations in solute concentration may be
described as follows.

dCy(1)
D =gk, Cp(1) —&1k,Cy(1) (1

dC,(1)
Ty =6,k Cri(1) — 62k,C(1) (2)

dC,(t)
VmT =ki(&,Ci(1) +,Co(¢)) — kyCp() (&1 +82) (3

where k, denotes the rate constant relating to solute transport from solution 1 or 2 to the membrane
phase, k, corresponding to that from the membrane phase to solution 1 or 2. The coefficient relating to
the solute partitioning rate between the membrane phase and solution 1 is £, and &, is that between the
membrane phase and solution 2. Therefore, £,k; and £k, denote the rate constants relating to solute
transport from solution 1 to the membrane phase and that from the membrane phase to solution 1,
respectively. Also, €,k, and ¢,k, are that from solution 2 to the membrane phase and that from the
membrane phase to solution 2, respectively.
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The solutions to egs. (1)-(3), subject to the initial conditions (¢ = 0)
C(0)=C, (4)
C,(0)=0 (5)
Cn(0)=0 (6)
are expressed as
C() _ 1-4-¢, ve, [ L-N ., _M-N e_M'] )
o 14+Kép =0 1-0¢-¢,|L(L-M) M(L-M)
Cy(1) 144, S 1 Lt 1 _M‘, ”/( 8
CO - 1+K¢m-¢m K¢¢m L(L_M)e —M(L_M)e; - ’ ( )
Calt) K(1-9-9,) ya[ L-Q _ M=g .
Co,  1+Kép—bn  om|L(L-M)C ~ M(L-M)° ©)
with
Y=k1/(V1+V2+Vm) (10)
¢=V2/(V1+V2fVm) (11)
= Vo | 12
AT o
K=k, /k, (13)
=Z[61+62 2_{_ £ ]_}_Z\/ 51+82+_82+ € ]2—481.92(1+K¢m—¢m)
2| Kéy ¢ 1-9d-¢,| 2V| K¢, ¢ 1-¢-9¢, K¢do(1-¢—¢,)
(14)
_Y £, +¢, 2+ £ ]_Z\[El+82+2+ £ ]2_45152(1+K¢m—¢m)
2| Kb, ¢ 1-¢-9¢,]| 2| Ké, ¢ 1-9¢-¢, Koo, (1-¢~dy)
(15)
e Kby + )
N=————— 16
Kb, (16)
0=ve,/d (17

where ¢ and ¢, denote the volume fractions of solution 2 and the membra

ne, respectively, and K is the

solute partition coefficient between the membrane and solution phases. At equilibrium since (¢ — o),

egs. (7)-(9) yield:

Con() = KC () = KCy()

Equations (1)-(3) satisfy the condition
ViCy(1) + V,Co () + Vo, Co(2t) = ViCy

(18)

(19)

which means that the total amount of solute remains constant throughout (conservation of mass).
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3. Results and discussion

We have derived a system of equations describing the time course for variations in solute concentra-
tions in solutions 1 and 2 and within the membrane, which take into account membrane asymmetry by
introducing ¢, and &,. These equations involve two different exponential functions of time r, exp (—Lt)
and exp(—Mt), both of which are related to the relaxation time for reaching equilibrium. The former
corresponds to the faster relaxation, while exp(— Mt) refers to the slower one, since 0 <M < L. We use a
scaled time +yt, since yt does not depend on ¢, ¢, &, or &,. When the structure of a membrane is
asymmetrical, the time courses of variations in solute concentrations in solutions 1 and 2 and in the
membrane are considered to be dependent on the direction of solute transport. The time courses of
solute transport through the asymmetrical membrane from solution 1 to solution 2 (C,(0)=C, and
C,(0) = 0) is different from that from solution 2 to solution 1 (C,(0) = C,, and C,(0) = 0). The effects of
membrane asymmetry can be given by interchanging the values of £, and ¢, in this model.

Figure 2 shows the effects of membrane asymmetry upon C(¢)/C,, Ct)/C, and C (8)/C,. If &, is
large, C\()/C, decreases quickly with time in the initial stage of transport, as shown in Fig. 2(a). If £, is
large and &, is small, C_(¢)/C, is large in the initial stage, as shown in Fig. 2(a), because the solute
tends to remain in the membrane. From a comparison of Fig. 2(a) with Fig. 2(b), it is clearly that in the
initial stage of transport, C,(£)/C, is not affected by membrane asymmetry, although C(¢)/C, and
C.(t)/C, are affected by the interchange of &, and ¢,, as mentioned above. This is because the smaller
value of &, or ¢, dominates C,(#)/C,. The values of C(¢)/C,, C,(t)/C, and C (¢£)/C, at equilibrium
are independent of ¢; and e, because the values of Cy(®)/C,, C,{()/C, and C,(«)/C, do not include
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Fig. 2. Effects of the asymmetry of the membrane on C(¢)/ C, (curve 1), C,(t}/C, (curve 2) and C(1)/C, (curve 3) for ¢ = 0.6,
¢m="02,and K=1.(a}e;=1and ¢;=05,and (b} ¢; = 0.5 and e, = L.
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Fig. 3. Effects of the asymmetry of the membrane on C(t)/C, (curve 1), C4(r)/ C, (curve 2) and C,(t)/ C, (curve 3) for ¢ = 0.4,

$n=02and K=1(a)e;=1and¢,=0.5,and(b) ¢, =05and ¢, =1.

¢, and &,. These effects of membrane asymmetry on C\(t)/C,, Cy(t)/Cy and C,(t)/C, are not
necessarily caused by the volume difference between solutions 1 and 2, because these effects are
observed even in the case when V, = V;, as shown in Fig. 3. It should be emphasized that the membrane
asymmetry hardly affects C(t)}/C, and C,(¢)/C, if K is very small, as shown in Fig. 4. In order to
determine the general features of eqs. (7)-(9), we will now consider the effects of K, ¢, ¢,,, &, and &, on

C(8)/Cy, CLt)/C, and C,(t)/C, for several limiting cases.
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Fig. 4. Effects of the asymmetry of the membrane on C,(1)/ C, (curve 1), C5(r)/ Cy (curve 2) and C,(1)/ C,, (curve 3) for ¢ = 0.6,

¢n=02,and K=01.(a)e;=1and ¢, =05,and (b) &, =05and e, = 1.
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3.1 Case 1: K—0

In the limiting case of K — 0, we have

L=y(£1+£2)/K¢m (20)
75152(1—¢m)
M= 21
(1 -¢—dn)(e; te,) (21)
N=7£2/K¢m (22)
O=ve,/d (23)
Cl(l‘)_ 1—¢'¢m+ K¢, el (_51_}.52 t)
C() - 1_¢m (1_¢—¢m)(51+62)2exp K¢m Y
¢ 5182(1—¢m)
i 1—%‘”‘"(_ $(1= 6= bu)(e1 T 52) Y‘) 24
Cy(1) _ 1-d-d, N K e.8, . (_51+52 t)
Co 1= bn  dlete) T\ Koy !
1-¢—¢, £15,(1 =)
14, e"p( ¢(1—¢—¢m)(el+ez)y’) (25)
Cn(1) =K(1—¢_¢m) 3 g, K . (~El+82 1)+ {el(l—¢m)~'(€1+92)(1_¢_¢m)}K
G T et L Ky (=) (e )
8182(1 _d)m)
Rl ¢(1—¢—¢m)(81+52)7’) (26)

As is clear from eqs. (24)-(26), if K is very small, C,(¢)/C, and Cxt)/C, are not affected when
interchanging £, and &,, because the first exponential term in eq. (24) is negligibly small (Fig. 4).

If K=1, in the later stage of solute transport the decreasing rate of C,(t)/C, and that of C,(1)/C,
become almost the same, as shown in Fig. 5. This phenomenon is observed if K =1 and ¢, is very large
orif K=1 and ¢, is very small, as will be described later. Conversely, if K= 1 and ¢, is very small, or if
K =1 and ¢, is very large, then C,(z)/C, becomes equal to C,(t)/C,, as shown in Fig. 6.
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Fig. 5. Effects of K and ¢, or &, on Cy(t)/Cy (curve 1), C,(¢)/Cy (curve 2) and C_(#)/C, (curve 3) for ¢ = 0.6, ¢, = 0.2, and

K=1,6,=10,and ¢, =1
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Fig. 6. Effects of K and £, or £; on C\(t)/C, (curve 1), C,(t)/Cy (curve 2) and C_(t)/ C, (curve 3) for ¢ = 0.6, ¢, = 0.2, and

K=1,(@)g;=1and ¢, =10,(b) ¢, =0.1and

3.2 Case 2: K> »

If K — o, we have

&2

L=y ¢+1—¢—¢m]
Y€€,
M=
ex(l-¢—¢y,) +ed

N=vye,/¢
Q=ve/¢
0) £2¢? ( (

CO 612¢2+5182¢(1_¢—¢m) +£2(1_¢_¢m) ¢

g,=10.

PR ) t
1—¢—¢m7)

€18,

82(1_¢—¢m){82(1_¢_¢m)+51¢} (
2 7EXP
Eftbz +81£2¢(1 _d’ —¢m) +62(1 _¢ _¢m)
Cy(t)/Cy=0

T(-d-o)tep)

|

(27

(28)

(29)
(30)

(31)

(32)
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Fig. 7. Effects of K on Cy(r)/ Cy (curve 1), Cy(}/ C, (curve 2) and C,{t)/ C, (curve 3) for ¢ = 0.6, ¢, = 0.2, £, =1, &, = 0.5, and

K=10(a), 1 (b), and 0.1 (c).

Calt) 1-¢—dn elp*(1- ¢ — d,,)
Co $m Sn(e10? +218,0(1— 6 = 6,,) +3(1 - 6 - 6,,)°)
€; €
X“P‘(z+1-¢-¢m%4

el - dn) {es(1- &~ d,) +e,0)

€18y

 bu(e20 Fed(1—b—6,) +eX(1-b—by)

)

T e(1-¢-by) ted

Yyt

(33)

Figure 7 shows the effects of K on Cy(r)/Cy, C,(1)/Cy and C,(1)/C,. In the initial stage of solute
transport, as K increases, C,(t)/C, decreases rapidly with time, although C,(¢)/C, increases slowly.
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Fig. 8. Effects of K on L (curve 1), M (curve 2) and N (curve 3) for ¢ =06, ¢, =02, £, =1 and ¢, =0.5.

Overshoot seen with variations in solute concentration in the membrane phase occurs earlier for small K
than for large K. The time instant f,, at which overshoot occurs, becomes smaller and C,(t,)/C,
becomes lower as K decreases. The relaxation times, 1/L and 1/M [1], become larger as K increases.
Figure 8 shows the effects of K on L, M and N. The value of Q is independent of K. As K increases, L
and M decrease, demonstrating that both relaxation times grow longer. Therefore, we cannot explain the
dependence on K of C(¢)/C,, C,(t)/C, and C,(t)/C, in the earlier stage of solute transport, which
we mentioned above with two relaxation times. We consider the initial stage of membrane transport,

Cl(t) _1_ Y& ¢ 72512(1_¢_¢m+K¢;m)t2 (34)
CU 1_¢_¢m 2K¢m(1_¢_¢m)

Cy(1) B Y618, 5

Co  2Kédy' )
Cu(t) _Ya, v, (8.t ¢, & 2 (36)

Co  bn 260\ Kén 1-6-on)

If ¢ is very small, as K increases, dC,(¢)/dt becomes more negative, demonstrating that C,(t)/C,
decreases more rapidly. Also, as K decreases, dC,(¢)/d¢ becomes more positive and C,(t)/C, increases
more rapidly. In the time course of C,(1)/C,, t, increases as K increases, as shown in Fig. 9.
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Yo Cm(‘n) ! CO
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Fig. 9. Effects of K on yt, (curve 1) and C,(t,)/C, (curve 2) for ¢ = 0.6, ¢, = 0.2, &, =1 and £, =0.5.
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33 Case 3: ¢,,— 0

If ¢, — 0, we have

L=y(e5,) /K¢y, (37)
Y€.18,

RIEDICEDS %)
N = ‘)’82/K¢m (39)
Q=vye/¢ (40)

DD -+ |- P Tt (41)
Cz( ) €162

-a-oli-em( - sty ]) 42
Cm( ) g te, {51¢“32(1‘¢)} £18,
Co _K(1—¢)—51+52exp(_ ) g te or —¢(1“¢)(51+82)w
(43)

It is clear that if ¢, is very small, C,(t)/C, and C(¢)/C,, are not affected by K, and this is shown in Fig.
10.

As is seen in eq. (26), if K <« 1, C_(¢)/C, is negligibly small and is not affected by ¢,.

If both ¢, and K is very small and ¢, =¢, =1, we have

1( ) _ 1 44
T2e(1-9)" 9

‘( ) 1- I t 45
=(1-¢)[1 51=9)" (4%)
m(t)/Co=0 (46)

which correspond to the usual model {8,9] which does not take into account the membrane volume.
34 Case 4: ¢ — 0

If ¢ — 0, we have

L=vye,/¢ (47)
751(1'+ Kd’m - (bm)
- 48
K¢m(l - ¢m) ( )
N=v&,/¢ (49)
Q=ve/9 (50)
()  1-¢, K¢, e (1+ Ko, —¢,)

Co 1+Kén—bn 1+Kép—bn |\ Kén(l-dm) (1)
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Fig. 10. Effects of K on C{t)/C, (curve 1), C{t)/ Cy (curve 2) and C,(t)/ C; (curve 3) for ¢ =0.6, ¢, =0.005,¢,=1, ¢, =03
and K = 0.005 (a), and 1 (b).

CZ(’) 1—¢m 51(1+K¢m_¢m)
Co =1+K¢m—¢m(1_e"p(‘ Kén(l - br) ’)) (52)
Cm(t) K(l_(bm) 81(1+K¢'m_¢m)
Co =1+K¢m—¢m(1_°"p(' Kén(1— bm) ’)) 3)

If ¢ is very small, C(¢)/C,, CAt)/C, and C_(t)/C, are not affected by &, as shown in Fig. 11, which
reflects the situation where egs. (51)-(53) do not include «,.

35Case 5: ;-0

If e, is very small, we have

L=ye,(Ko,+¢)/Kdd, (54)
 ye(1+ K-,
S U= 6—6u) (Ko +9) (53)
N=y€2(K¢m+<b)/K¢<bm (56)

Q=ve,/¢ (57)
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Fig. 11. Effects of &, on C(1)/C, (curve 1), C,(1)/ C, (curve 2) and C,,(t)/ C, (curve 3) for ¢ =0.005, ¢, =02, £;=1, K =2 and
¢, = 0.5 (a), and 10 (b).

Cl(t)_ 1_¢_¢m K¢m+¢ _ 51(1+K¢m_¢m) ‘ 58
Co, 1+Kbn—0, 1+Kby—0m T\ (1-¢-0.)(Kép+0) %)
C(t)  1-6-¢, e(1+Kd,—dy)
Co _1+K¢m_¢m(1_exp[_(1_¢_¢m)(K¢m+¢)7t)) (59)
Cult) K(1-¢~-9y,) 11+ K¢y — én)
Co  1+Kép—tn (l_eXp('(1—¢—¢m)(1<¢m+¢)”)) 0

It is clear, that if ¢, is very small C(t)/C,, Cy(t)/C, and C,(t)/C, are independent of ,. It is
considered that the smaller value of £, and ¢, plays a dominant role. Figure 12 shows the effects of ¢,
on C(t)/C,, C,(t)/C, and C,(2)/C, if e, is 0.005.

Figure 13 shows the effects of &, on C(t)/Cy, C)(t)/Cy and C_(£)/C,. As £, decreases the
relaxation of each of C(¢)/C,, C,(¢)/C, and C_(t)/C, becomes slower. This is because L and M
increase as ¢, increases, as shown in Fig. 14. N and Q are independent of €,. Also, as seen in this figure,
Q is greater than M when

6, <e)(l—d—0y)/¢

while M becomes greater than Q when &, has greater values than this.
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If &, is very small, we have
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Fig. 12. Effects of ¢, on C,{1)/C, (curve 1), Cx(2)/ C, (curve 2) and C,,(1)/ C, (curve 3) for ¢ = 0.6, ¢, =0.2, £, =0.005, K =2
and £, =0.5 (a), and 10 (b).
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Fig. 14. Effects of &, on L (curve 1), M (curve 2), N (curve 3) and Q (curve 4) for ¢ = 0.6, ¢, =0.2, £, =05 and K =2.

If &, is very small, C)(¢)/C, does not depend on &, as shown in Fig. 15. Figure 16 shows that as ¢,
decreases, the relaxation times of C,(¢)/C,, Cx(t)/C,y and C,(t)/C, become longer. This is explained
by the dependence of £, on L and M. Figure 17 shows the effects of £, on L, M, N, and Q.

If &, is very large (e, > ®), we have the same form of C(t)/C,, C,(¢)/C, and C (t)/C,,
respectively, as those (eqs. 58-60) obtained in the limiting case with very small ¢, (¢; — 0). Also, if ¢, is
very large (¢, - ®), we have the same form of C(¢)/C,, C,(t)/C, and C_(1)/C,, respectively, as those
(eqs. 65-67) in the limiting case with very small £, (¢, — 0). This phenomenon is explained by the
asymmetry of the membrane.
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K =2,£,=1(a), and 10 (b).
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